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Abstract

In this paper we extend the ADC model of Kroner and Ng [1998. Review of Financial Studies
11, 817-844] such that it allows for cross-asymmetries in conditional volatility. That is, the model
allows for asymmetries in covariances after shocks of opposite signs. We find evidence for significant
cross-asymmetries in the conditional volatility in stock and bond markets.
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1. Introduction

While there exists a large amount of literature on time-varying conditional variances of
either stock and bond returns, the number of studies on conditional covariances between
these returns is rather limited. One of the most influential studies on modeling time-varying
covariances is a study bgroner and Ng (1998)They introduced the Asymmetric Dy-
namic Covariance (ADC) model, a multivariate GARCH model that nests several other
multivariate models and allows for asymmetric volatility. However, their approach does
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not take into account cross-asymmetric volatilities: the conditional variance and covari-
ance between asset returns can be higher (or lower) after a negative shock in one asset
and a positive shock in the other asset, rather than shocks of opposite signs of the same
magnitude. Recentl{pe Goeij and Marquering (2004howed that cross-asymmetries can

be statistically and economically significant in a multivariate G@sten et al., 1993)
setting. As we concentrate in this note on the interaction between stocks and bonds, we
observe many shocks of opposite signs. We propose an extension of the ADC model that
incorporates cross-asymmetries in conditional variances and covariances. We refer to this
model as the Generalized Asymmetric Dynamic Covariance (GADC) model. To test the
appropriateness of the model we examine the asymmetric volatility behavior of stock and
bond market returns.

2. Thegeneralized asymmetric dynamic covariance model

Consider the multivariate return equation

Ti41 = W41+ €141, 1)

whereu,+1 = E{r;+1|Z;} is the conditional mean arifj denotes the information known
at timer. The error ternz, 1 has the properties

E{eip117Z;) =0, E{e? 11T} = Hy41,

where H; 1 is the conditional covariance matrix, consisting of conditional covariances
(hij,++1) and conditional varianceg ;1 1).

Next, definae:“_1 as a vector with element%*l_1 =max0, ¢;,-1] ande,_; as a vector
with elementssl.fF1 = min[0, ¢; ,_1]. We extend the ADC model by adding symmetric
transformations ofe;" ;")) and(e;” ;¢;""}). The operatoZ (.), makes a non-symmetric
matrix symmetric, using the elements of the lower-triangle part of the matrix. That is

ail a2 -+ ay ail azr -+ aul

| a2 - azm ay az - a2

= = 2
dapl Qap2 -+ Qup dapl Qap2 -+ Qup

The GADC model becomes:
H,=D,RD; +® © 6, )
where

Hz = (hij,t)» (4)

Dy =(dij1), diii=+/6iiy, Yi, and djj; =0, Vi#j, )

O = (Uij1), (6)

R=(pij), pi=1 Vi, and p;;=pj, (7)
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@ =(¢ij), ¢i=0, Vi, and ¢;=¢; and (8)
0ij.c = wij +biHi—1bj +aje—18;_1a; + gie,_16,18)
kB (e ge kg + Ky B (e g6 Dka s Vis 9)

The vectors;, a;, gi, k1; andko;, i =1,..., N, areN x 1 vectors of parameters, and

R and 2 = (w;;) are positive definite and symmetric matrices. Without additional re-
strictions, not all coefficients are identified. It can be shown that the system of equations
resulting from(9) do not give us sufficient information to identify all parameters, and
consequently to estimate the parameigrs, «; 12, ;.21 andk; 22, I = 1, 2, uniquely. To
guarantee identification of the cross-asymmetry parameters, it is assumeg thal ;;

for I = 1,2. The assumption of a symmetkg = (x; ;;,;) matrix seems the most natural
choice, asKroner and Ng (1998Jesolve a similar identification problem for the ADC
model by assuming that the matik= (b;;) is symmetric, i.e.p;; = bj; 1 Note that the

ADC model ofKroner and Ng (1998)s obtained whemy;; = «2;; =0, Vi, j. The two
cross-asymmetric terms account for a different effect for opposite shocks in asset returns
in addition to the existing negative return shock effects of the ADC model.

As indicated in the introduction, many multivariate models are nested in the ADC
model. Consequently, it is interesting to examine the effect of the extension on the fol-
lowing popular multivariate models: VECH, CCORR, BEKK and FARCH. More details
on these models and the conditions under which the ADC reduces to other multivariate
models are given ifKroner and Ng (1998)Besides the conditions stated Kmoner and
Ng (1998) the GADC model reduces to the asymmetric VECH model under the additional
conditionky ; = k1;¢; andks ; = k2 ;¢;, Vi, wherey; is theith column of anV x N identity
matrix:

Asymmetric VECH:

2 2.2 2(.— 2 .
hiiy = wij + B hiti-1+aier, 1 +vi(s,21)" Vi, (10)
hij: = @ijwij + GijBiBjhiji—1+ Gijaijei 1811+ ijVivie; ,_18;,1
+ - -+ c
+ GijkLik1 jE; 1€, 1 + Bijk2ik2 i€, 185, 1, ViF ] (11)

The asymmetric CCORR, BEKK and FARCH do not require additional conditions:

Asymmetric CCORR:

_ 2 .
hiis = wij + ﬂizhii,;_l + Olizel-z,til + Viz(gi,zfl) , Vi, (12)

hijr = pijv hiii/hjje,  Yi#Ej. (13)

1 Moreover, an alternative strategy by restricting one of the parameters to be zero would have the unwanted
effect that important asymmetric terms become zero.
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Asymmetric BEKK:
H =2+ B'H_1B+ A'e;_16, 1A+ G'e,_1¢,,G
+K1E (e 18, 1) K1+ K55 (5, g2, Ko, (14)

whereA =[ay,...,an], B=1[b1,...,bn], G =1[g1,....8n], K1 =T[k11,..., k1 n] @nd
Ky=1lko1,....k2N]

Asymmetric Factor ARCH (FARCH):
hiji=0ij +Aidjhp,, Vi, ], (15)
— 2 .
hpi=wp+Bhp1+ass, 1+v(e,, 1) Yi#) (16)

whereh, ; = w' Hiw, €,y = w'e;, Eps = w'e; , andoj; = w;j — AiAjw’2w, with A; and

A; are parameter scalars. The FARCH model assumes that there is a single portfolio, with
weights denoted by vectap, with a variance driving all the conditional covariances in
(15). This factor follows a univariate GARCH model, s@ié). Thus, cross-asymmetries,
which are only non-zero in multivariate settifgsannot be incorporated in univariate
models. Note thaf10) and(12) correspond to th&losten et al. (1993)nivariate asym-
metry model. The asymmetric VECH specification1®),(11)is, after reparameterizing,
exactly the one used iBe Goeij and Marquering (2004Yhe asymmetric CCORR al-

lows for asymmetric variance, but not (by construction) for asymmetries in covariances.
The BEKK model on the other hand allows very naturally for cross asymmetries, as the
BEKK model is most similar to the more general ADC model. We conclude that from the
four popular multivariate models above, only the VECH and BEKK models reduce to a
specification in which cross-asymmetries are accounted for. The other two, the asymmet-
ric CCORR and FARCH models, are exactly asimner and Ng (1998)Consequently,
when cross-asymmetries are important, it is not advisable to employ a CCORR or FARCH
specification.

3. Empirical results

To investigate the cross-asymmetries in stock and bond markets, the ADC and GADC
models are estimated using daily returns on the S&P 500 index and the 10 year US Treasury
bond. In a first estimation step, a simple VAR model for Eh.is estimatedl and its
residuals are used in a second step to estimate the ADC and GADC models using quasi-
maximum likelihood (QML)?

2 Note that the produc;ti*elf is always equal to zero.

3 We used SIC and BIC criteria to determine the optimal amount of lags in the VAR system. The estimates of
the resulting VAR(5) model show some significant relations between the S&P 500 returns and lagged S&P 500
and lagged 10 year Treasury bond returns. The same holds for the 10 year Treasury bond return.

4 A two-step procedure employing QML provide consistent and asymptotically normal estimators. Moreover,
in arecent papeAndreou and Werker (2004how that for certain types of first-stage models, including our VAR
model, applying QML to estimate GARCH models in a second step does not results in a loss of efficiency. More
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Table 1
Estimation results: Conditional covariance between the S&P 500 index and 10 year Treasury bond

ADC model GADC model

Estimate St. err. Estimate St. err.
012 0.0011 00062 00134 00101
12 1.0037 0.0085 09831 0.0156
w11(x1000) 140278 84599 125672 75184
w12(x1000) 17698 18071 14717 20866
wp2(x1000) 42622 1.1924 42363 1.2239
b11 0.9581 0.0156 09614 0.0151
b1o 0.0033 00024 00020 00027
boo 0.9645 0.0059 09653 0.0059
a1 0.1923 0.0321 01916 0.0332
a1 0.0002 00111 00027 00096
aio 0.0010 00250 00040 00348
azy 0.2049 0.0155 02027 0.0174
g11 —0.2471 0.0707 —0.2267 0.0767
91 0.0407 0.0132 00376 0.0132
g12 —-0.0196 00458 —0.0289 00658
922 —0.0957 0.0355 —0.0872 00550
k111 ) ) —0.2115 0.1055
k1,12 . . 0.0731 00879
k100 ) ) 0.0243 00256
k211 . ) 0.4345 03740
k2,12 ) ) —0.1096 0.0358
k2,22 . . 0.0144 00187
Log likelihood —909355 —907770

Notes. Index 1 refers to the S&P 500 index, whereas index 2 refers to the 10 year Treasury bond. There are 4898
observations used in the estimation. Rotisiterslev and Wooldridge (1992)andard errors are presented.

* Statistically significant at the 5% level.

The estimation results are presentedable 1 The parameterg;> and p12 indicate to
what extent the variability over time of the covariance between the two assets is caused by
the assets’ individual variances. The model implies thatfier= 0 andp12 = 1 the con-
ditional covariance is completely determined by the conditional variances of both assets.
We can see from the table that the estimated coefficients;foare very close but not sig-
nificantly different from zero for both specifications. In addition, the estimated coefficients
for ¢12 are not significantly different from one, while these are significantly different from
zero. Consequently, time variability and asymmetric effects in the conditional covariance
are not due to the occurrence of these effects in the conditional variances.

specifically, in an examplédndreou and Werker (2004how that for the estimation of a GARCH model using

QML, employing the residuals of a first stage ARMA model estimated by least squares, the limiting distribution
of the residuals is the same as that applied to the innovations themselves. A necessary condition for this result is
that the score function of the first step estimator is asymptotically uncorrelated with the second step estimator,
which in our case is fulfilled.
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Theb11 andby; parameters are around 0.96 and highly significant. These parameter val-
ues indicate that the conditional variances for stock and bonds are highly persistent. The
a; j-parameters measure the persistency of returns shocks and the estimates are positive for
both models. The;;-parameters measure the persistency of negative return shocks. For
the ADC as well as for the GADC specifications most of these parameter estimates are
statistically significant from zero at the five percent level. The estimates imply that, in con-
trast to bond returns, conditional stock market variance responds asymmetrically to stock
and bond market shocks. In addition, the GADC model predicts that the conditional covari-
ance is relatively low after negative stock return shocks and positive bond return shocks,
rather than shocks of opposite sign. In sum, the estimates provide empirical evidence for
the asymmetric effects in conditional (co)variances.

To check the validity of the models we perform some specification tests. When testing
the models against each other, we find that the GADC model is statistically superior to
the ADC model. The corresponding LR test statistic, followirp@adistribution, is 31.60,
with a p-value of 0.00. Thus we find statistical evidence for asymmetry in the conditional
(co)variances of stock and bond market returns.

Next, we compare the ex-post cross-product matrix of the vector of residuals to the
estimated covariance matrices by measuring the vertical distance betyegn and
hij:. Define the generalized residual as; = ¢, ;¢ — hij;. If the model is correct,
E;_1{u;j+} = 0. In addition,u;; ; should be uncorrelated with any variable known at time
t — 1. Therefore, a natural way to identify misspecification is to examine whetheis
correlated with variables known at time- 1.° Because the main feature of the GADC
model is asymmetry, we define the following sign indicators:

Ml —1=1(e1,-1<0),
Mig,—1=1(s2,-1<0),
Mig,—1=1(e1,-1<0;e2,-1<0),
Mlg —1=1(e1,-1<0;62,-1>0),
Mis;—1=1(s1,-1>0;62,-1<0),
Mig;—1=1(e1,-1> 0;62,-1>0).
These indicators allow to test for several types of asymmetries in thé dataomplete

the testing design, we use the robust conditional moment test framewdoatiridge
(1990) The test statistic is defined as

1< 211 -
TSem = (; Z”Uﬂkg,t—l) (7 Z”z‘zj,tkg,tl> ) (7)
=1 t=1

wherelg ;1 is the residual from a regression of the misspecification indideflqr; 1,
g=1,...,6, on the derivatives of;; ; with respect to the parameters of the model. Un-

5 SeeBrenner et al. (1996%pr a detailed description of this type of tests.

6 In addition, as pointed out by for exampmgle and Ng (1993)he magnitude of the shocks can play an
important role. Corresponding, untabulated, tests showed that both models do not exhibit misspecification in this
respect.
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Table 2
Diagnostic tests for covariance specification

ADC GADC
Panel A: Robust conditional moment tests
Miq 7.786' 5.379
Ml 0.231 Q153
Ml 1.273 1641
Mig 4731 1.042
Mis 5.188 0.637
Mlg 2.048 2447
Panel B: Ljung—Box tests for serial correlation in e, / h1o
0(6) 2.562 1180
012 2.654 1737
(18 2.691 1776
Q% 22.280 2008

Notes. Panel A presents the robust conditional moment test statistics. The misspecification indicators are listed in
the first column. The statistic isf-distributed. Panel B presents the Ljung—Box test statistic for serial correlation
in the standardized cross-product of residuglér) is the Ljung—Box statistic forth order serial correlation.
The 95% critical values fo©(6), 0(12), Q(18) and Q(24) are 12.6, 21.0, 28.9 and 36.4, respectively.
* Significance at the 5 % level.

der some regularity condition8yooldridge (1990)shows thafTS..,, has an asymptotic

X12 distribution. As can be seen from Panel ATdble 2the GADC model does a bet-

ter job in capturing the asymmetries in the covariances than the ADC. Especially the
cross-asymmetry testdl, and Mls show that the GADC is capable of explaining ex-
isting asymmetries whereas the ADC model fails. Finally, the Ljung—Box tests in Panel B
of Table 2show that there is no serial correlation leftsipes, / hy2 .

4. Concluding remarks

The empirical results show that the GADC model better fits the data than the ADC
model. We show that there are cross-asymmetric effects in the conditional variances and
covariance of stock and bond returns. In contrast to the bond market variance, the model
predicts that the conditional stock market variance responds asymmetrically to stock and
bond market shocks. The GADC model predicts that the conditional covariance is relatively
low after negative stock return shocks and positive bond return shocks rather than shocks
of opposite signs. We also find that the conditional correlation between stock and bond
returns varies significantly over time. An investor that holds a diversified asset portfolio
should therefore rebalance his asset holdings over time accordingly.
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