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Abstract

In this paper we extend the ADC model of Kroner and Ng [1998. Review of Financial St
11, 817–844] such that it allows for cross-asymmetries in conditional volatility. That is, the m
allows for asymmetries in covariances after shocks of opposite signs. We find evidence for sig
cross-asymmetries in the conditional volatility in stock and bond markets.
 2005 Elsevier Inc. All rights reserved.

Keywords: Stock and bond market interaction; Time-varying covariances; Asymmetric volatility

1. Introduction

While there exists a large amount of literature on time-varying conditional varianc
either stock and bond returns, the number of studies on conditional covariances b
these returns is rather limited. One of the most influential studies on modeling time-va
covariances is a study byKroner and Ng (1998). They introduced the Asymmetric Dy
namic Covariance (ADC) model, a multivariate GARCH model that nests several
multivariate models and allows for asymmetric volatility. However, their approach
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not take into account cross-asymmetric volatilities: the conditional variance and c
ance between asset returns can be higher (or lower) after a negative shock in on
and a positive shock in the other asset, rather than shocks of opposite signs of th
magnitude. Recently,De Goeij and Marquering (2004)showed that cross-asymmetries c
be statistically and economically significant in a multivariate GJR(Glosten et al., 1993
setting. As we concentrate in this note on the interaction between stocks and bon
observe many shocks of opposite signs. We propose an extension of the ADC mod
incorporates cross-asymmetries in conditional variances and covariances. We refe
model as the Generalized Asymmetric Dynamic Covariance (GADC) model. To te
appropriateness of the model we examine the asymmetric volatility behavior of stoc
bond market returns.

2. The generalized asymmetric dynamic covariance model

Consider the multivariate return equation

(1)rt+1 = µt+1 + εt+1,

whereµt+1 = E{rt+1 | It } is the conditional mean andIt denotes the information know
at timet . The error termεt+1 has the properties

E{εt+1 | It } = 0, E
{
ε2
t+1 | It

} = Ht+1,

whereHt+1 is the conditional covariance matrix, consisting of conditional covaria
(hij,t+1) and conditional variances (hii,t+1).

Next, defineε+
t−1 as a vector with elementsε+

i,t−1 = max[0, εi,t−1] andε−
t−1 as a vector

with elementsε−
i,t−1 = min[0, εi,t−1]. We extend the ADC model by adding symmet

transformations of(ε+
t−1ε

−′
t−1) and(ε−

t−1ε
+′
t−1). The operatorΞ(.), makes a non-symmetr

matrix symmetric, using the elements of the lower-triangle part of the matrix. That is

(2)Ξ




a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

. . .
...

an1 an2 · · · ann


 =




a11 a21 · · · an1

a21 a22 · · · an2

...
...

. . .
...

an1 an2 · · · ann


 .

The GADC model becomes:

(3)Ht = DtRDt + Φ � Θt,

where

(4)Ht = (hij,t ),

(5)Dt = (dij,t ), dii,t = √
θii,t , ∀i, and dij,t = 0, ∀i �= j,

(6)Θt = (θij,t ),
(7)R = (ρij ), ρii = 1, ∀i, and ρij = ρji,
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(8)Φ = (φij ), φii = 0, ∀i, and φij = φji and

(9)

θij,t = ωij + b′
iHt−1bj + a′

iεt−1ε
′
t−1aj + g′

iε
−
t−1ε

−′
t−1gj

+ k′
1,iΞ

(
ε+
t−1ε

−′
t−1

)
k1,j + k′

2,iΞ
(
ε−
t−1ε

+′
t−1

)
k2,j , ∀i, j.

The vectorsbi , ai , gi , k1,i andk2,i , i = 1, . . . ,N , areN × 1 vectors of parameters, an
R and Ω = (ωij ) are positive definite and symmetric matrices. Without additiona
strictions, not all coefficients are identified. It can be shown that the system of equ
resulting from(9) do not give us sufficient information to identify all parameters,
consequently to estimate the parametersκl,11, κl,12, κl,21 andκl,22, l = 1,2, uniquely. To
guarantee identification of the cross-asymmetry parameters, it is assumed thatκl,ij = κl,j i

for l = 1,2. The assumption of a symmetricKl = (κl,ij,t ) matrix seems the most natur
choice, asKroner and Ng (1998)resolve a similar identification problem for the AD
model by assuming that the matrixB = (bij ) is symmetric, i.e.,bij = bji .1 Note that the
ADC model ofKroner and Ng (1998)is obtained whenκ1,ij = κ2,ij = 0, ∀i, j . The two
cross-asymmetric terms account for a different effect for opposite shocks in asset
in addition to the existing negative return shock effects of the ADC model.

As indicated in the introduction, many multivariate models are nested in the
model. Consequently, it is interesting to examine the effect of the extension on th
lowing popular multivariate models: VECH, CCORR, BEKK and FARCH. More det
on these models and the conditions under which the ADC reduces to other multiv
models are given inKroner and Ng (1998). Besides the conditions stated inKroner and
Ng (1998), the GADC model reduces to the asymmetric VECH model under the addit
conditionk1,i = κ1,i ιi andk2,i = κ2,i ιi , ∀i, whereιi is theith column of anN ×N identity
matrix:

Asymmetric VECH:

(10)hii,t = ωij + β2
i hii,t−1 + α2

i ε
2
i,t−1 + γ 2

i

(
ε−
i,t−1

)2
, ∀i,

(11)

hij,t = φijωij + φijβiβjhij,t−1 + φijαiαj εi,t−1εj,t−1 + φij γiγj ε
−
i,t−1ε

−
j,t−1

+ φij κ1,iκ1,j ε
+
i,t−1ε

−
j,t−1 + φij κ2,iκ2,j ε

−
i,t−1ε

+
j,t−1, ∀i �= j.

The asymmetric CCORR, BEKK and FARCH do not require additional conditions:

Asymmetric CCORR:

(12)hii,t = ωij + β2
i hii,t−1 + α2

i ε
2
i,t−1 + γ 2

i

(
ε−
i,t−1

)2
, ∀i,

(13)hij,t = ρij

√
hii,t

√
hjj,t , ∀i �= j.

1 Moreover, an alternative strategy by restricting one of the parameters to be zero would have the un

effect that important asymmetric terms become zero.
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Asymmetric BEKK:

Ht = Ω + B ′Ht−1B + A′εt−1ε
′
t−1A + G′ε−

t−1ε
−′
t−1G

(14)+ K ′
1Ξ

(
ε+
t−1ε

−′
t−1

)
K1 + K ′

2Ξ
(
ε−
t−1ε

+′
t−1

)
K2,

whereA = [a1, . . . , aN ], B = [b1, . . . , bN ], G = [g1, . . . , gN ], K1 = [k1,1, . . . , k1,N ] and
K2 = [k2,1, . . . , k2,N ].

Asymmetric Factor ARCH (FARCH):

(15)hij,t = σij + λiλjhp,t , ∀i, j,

(16)hp,t = ωp + βhp,t−1 + αε2
p,t−1 + γ

(
ε−
p,t−1

)2
, ∀i �= j,

wherehp,t = w′Htw, εpt = w′εt , ε−
p,t = w′ε−

t , andσij = ωij − λiλjw
′Ωw, with λi and

λj are parameter scalars. The FARCH model assumes that there is a single portfoli
weights denoted by vectorw, with a variance driving all the conditional covariances
(15). This factor follows a univariate GARCH model, see(16). Thus, cross-asymmetrie
which are only non-zero in multivariate settings,2 cannot be incorporated in univaria
models. Note that(10) and(12) correspond to theGlosten et al. (1993)univariate asym-
metry model. The asymmetric VECH specification in(10),(11)is, after reparameterizing
exactly the one used inDe Goeij and Marquering (2004). The asymmetric CCORR a
lows for asymmetric variance, but not (by construction) for asymmetries in covaria
The BEKK model on the other hand allows very naturally for cross asymmetries, a
BEKK model is most similar to the more general ADC model. We conclude that from
four popular multivariate models above, only the VECH and BEKK models reduce
specification in which cross-asymmetries are accounted for. The other two, the asy
ric CCORR and FARCH models, are exactly as inKroner and Ng (1998). Consequently
when cross-asymmetries are important, it is not advisable to employ a CCORR or FA
specification.

3. Empirical results

To investigate the cross-asymmetries in stock and bond markets, the ADC and G
models are estimated using daily returns on the S&P 500 index and the 10 year US Tr
bond. In a first estimation step, a simple VAR model for Eq.(1) is estimated3 and its
residuals are used in a second step to estimate the ADC and GADC models using
maximum likelihood (QML).4

2 Note that the productε+
i

ε−
i

is always equal to zero.
3 We used SIC and BIC criteria to determine the optimal amount of lags in the VAR system. The estim

the resulting VAR(5) model show some significant relations between the S&P 500 returns and lagged S
and lagged 10 year Treasury bond returns. The same holds for the 10 year Treasury bond return.

4 A two-step procedure employing QML provide consistent and asymptotically normal estimators. Mor
in a recent paper,Andreou and Werker (2004)show that for certain types of first-stage models, including our V

model, applying QML to estimate GARCH models in a second step does not results in a loss of efficiency. More
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Table 1
Estimation results: Conditional covariance between the S&P 500 index and 10 year Treasury bond

ADC model GADC model

Estimate St. err. Estimate St. er

ρ12 0.0011 0.0062 0.0134 0.0101
φ12 1.0037* 0.0085 0.9831* 0.0156
ω11(×1000) 14.0278 8.4599 12.5672 7.5184
ω12(×1000) 1.7698 1.8071 1.4717 2.0866
ω22(×1000) 4.2622* 1.1924 4.2363* 1.2239
b11 0.9581* 0.0156 0.9614* 0.0151
b12 0.0033 0.0024 0.0020 0.0027
b22 0.9645* 0.0059 0.9653* 0.0059
a11 0.1923* 0.0321 0.1916* 0.0332
a21 0.0002 0.0111 0.0027 0.0096
a12 0.0010 0.0250 0.0040 0.0348
a22 0.2049* 0.0155 0.2022* 0.0174
g11 −0.2471* 0.0707 −0.2261* 0.0767
g21 0.0402* 0.0132 0.0376* 0.0132
g12 −0.0196 0.0458 −0.0289 0.0658
g22 −0.0957* 0.0355 −0.0872 0.0550
k1,11 . . −0.2115* 0.1055
k1,12 . . 0.0731 0.0879
k1,22 . . 0.0243 0.0256
k2,11 . . 0.4345 0.3740
k2,12 . . −0.1096* 0.0358
k2,22 . . 0.0144 0.0187

Log likelihood −9093.55 −9077.70

Notes. Index 1 refers to the S&P 500 index, whereas index 2 refers to the 10 year Treasury bond. There a
observations used in the estimation. RobustBollerslev and Wooldridge (1992)standard errors are presented.

* Statistically significant at the 5% level.

The estimation results are presented inTable 1. The parametersφ12 andρ12 indicate to
what extent the variability over time of the covariance between the two assets is cau
the assets’ individual variances. The model implies that forφ12 = 0 andρ12 = 1 the con-
ditional covariance is completely determined by the conditional variances of both a
We can see from the table that the estimated coefficients forρ12 are very close but not sig
nificantly different from zero for both specifications. In addition, the estimated coeffic
for φ12 are not significantly different from one, while these are significantly different f
zero. Consequently, time variability and asymmetric effects in the conditional covar
are not due to the occurrence of these effects in the conditional variances.

specifically, in an example,Andreou and Werker (2004)show that for the estimation of a GARCH model usi
QML, employing the residuals of a first stage ARMA model estimated by least squares, the limiting distri
of the residuals is the same as that applied to the innovations themselves. A necessary condition for this
that the score function of the first step estimator is asymptotically uncorrelated with the second step es

which in our case is fulfilled.



72 P. de Goeij, W. Marquering / Finance Research Letters 2 (2005) 67–74

er val-
t. The

sitive for
s. For
es are
con-
stock

ovari-
hocks,
ce for

esting
rior to
,
ional

to the

,
me

C

n-

an
n in this
Theb11 andb22 parameters are around 0.96 and highly significant. These paramet
ues indicate that the conditional variances for stock and bonds are highly persisten
aij -parameters measure the persistency of returns shocks and the estimates are po
both models. Thegij -parameters measure the persistency of negative return shock
the ADC as well as for the GADC specifications most of these parameter estimat
statistically significant from zero at the five percent level. The estimates imply that, in
trast to bond returns, conditional stock market variance responds asymmetrically to
and bond market shocks. In addition, the GADC model predicts that the conditional c
ance is relatively low after negative stock return shocks and positive bond return s
rather than shocks of opposite sign. In sum, the estimates provide empirical eviden
the asymmetric effects in conditional (co)variances.

To check the validity of the models we perform some specification tests. When t
the models against each other, we find that the GADC model is statistically supe
the ADC model. The corresponding LR test statistic, following aχ2

6 -distribution, is 31.60
with a p-value of 0.00. Thus we find statistical evidence for asymmetry in the condit
(co)variances of stock and bond market returns.

Next, we compare the ex-post cross-product matrix of the vector of residuals
estimated covariance matrices by measuring the vertical distance betweenεi,t εj,t and
hij,t . Define the generalized residual asuij,t = εi,t εj,t − hij,t . If the model is correct
Et−1{uij,t } = 0. In addition,uij,t should be uncorrelated with any variable known at ti
t − 1. Therefore, a natural way to identify misspecification is to examine whetheruij,t is
correlated with variables known at timet − 1.5 Because the main feature of the GAD
model is asymmetry, we define the following sign indicators:

MI1,t−1 = I (ε1,t−1 < 0),

MI2,t−1 = I (ε2,t−1 < 0),

MI3,t−1 = I (ε1,t−1 < 0; ε2,t−1 < 0),

MI4,t−1 = I (ε1,t−1 < 0; ε2,t−1 > 0),

MI5,t−1 = I (ε1,t−1 > 0; ε2,t−1 < 0),

MI6,t−1 = I (ε1,t−1 > 0; ε2,t−1 > 0).

These indicators allow to test for several types of asymmetries in the data.6 To complete
the testing design, we use the robust conditional moment test framework ofWooldridge
(1990). The test statistic is defined as

(17)TSrcm =
(

1

T

T∑
t=1

uij,tλg,t−1

)2(
1

T

T∑
t=1

u2
ij,t λ

2
g,t−1

)−1

,

whereλg,t−1 is the residual from a regression of the misspecification indicatorMIg,t−1,
g = 1, . . . ,6, on the derivatives ofhij,t with respect to the parameters of the model. U

5 SeeBrenner et al. (1996)for a detailed description of this type of tests.
6 In addition, as pointed out by for exampleEngle and Ng (1993), the magnitude of the shocks can play

important role. Corresponding, untabulated, tests showed that both models do not exhibit misspecificatio

respect.
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Table 2
Diagnostic tests for covariance specification

ADC GADC

Panel A: Robust conditional moment tests
MI1 7.786* 5.379*

MI2 0.231 0.153
MI3 1.273 1.641
MI4 4.731* 1.042
MI5 5.188* 0.637
MI6 2.048 2.447

Panel B: Ljung–Box tests for serial correlation inε1t ε2t /h12t
Q(6) 2.562 11.80
Q(12) 2.654 17.37
Q(18) 2.691 17.76
Q(24) 22.280 20.08

Notes. Panel A presents the robust conditional moment test statistics. The misspecification indicators are
the first column. The statistic isχ2

1 -distributed. Panel B presents the Ljung–Box test statistic for serial correl
in the standardized cross-product of residuals.Q(r) is the Ljung–Box statistic forr th order serial correlation
The 95% critical values forQ(6), Q(12), Q(18) andQ(24) are 12.6, 21.0, 28.9 and 36.4, respectively.

* Significance at the 5 % level.

der some regularity conditions,Wooldridge (1990)shows thatTSrcm has an asymptoti
χ2

1 distribution. As can be seen from Panel A ofTable 2the GADC model does a be
ter job in capturing the asymmetries in the covariances than the ADC. Especial
cross-asymmetry testsMI4 and MI5 show that the GADC is capable of explaining e
isting asymmetries whereas the ADC model fails. Finally, the Ljung–Box tests in Pa
of Table 2show that there is no serial correlation left inε1t ε2t /h12t .

4. Concluding remarks

The empirical results show that the GADC model better fits the data than the
model. We show that there are cross-asymmetric effects in the conditional varianc
covariance of stock and bond returns. In contrast to the bond market variance, the
predicts that the conditional stock market variance responds asymmetrically to sto
bond market shocks. The GADC model predicts that the conditional covariance is rela
low after negative stock return shocks and positive bond return shocks rather than
of opposite signs. We also find that the conditional correlation between stock and
returns varies significantly over time. An investor that holds a diversified asset por
should therefore rebalance his asset holdings over time accordingly.
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